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Summary 
The possibility to analyse concentration polarization phenomena during unstirred dead-end 
ultrafiltration by the boundary layer resistance theory has been shown by Nakao et al. [ 1). Ex- 
perimental data on the ultrafiltration of BSA at pH 7.4, at various concentrations and pressures, 
were analysed by this model and by a new version of the model in this paper. Instead of the 
assumption of the cake filtration theory, the new version of the model uses the unsteady state 
equation for solute mass transport to predict flux data by computer simulations. This approach 
requires no assumptions concerning the concentration at the membrane, the concentration profile 
or the specific resistance of the boundary layer. The computer simulations agree very well with 
the experimental data. Many agreements with Nakao’s analyses are confirmed and some new data 
on the concentration polarization phenomena are obtained. 
Introduction 
The phenomenon of flux decline in protein ultrafiltration has been studied 
by several investigators, each of them usually emphasizing one of the aspects 
of membrane fouling. The subjects studied most, in relation to the flux decline, 
are adsorption [ 21, pore-blocking [ 31, deposition of solute [ 41 and concentra- 
tion polarization phenomena, for which several models have been developed 
[5-g]. The latter models make use of one or more of the properties of the 
solute: an increased osmotic pressure difference [ 5,6], formation of a gel layer 
[ 8,9] or a limited permeability of the concentrated layer near the membrane 
which can be described by the boundary layer resistance model [ 71. One of the 
problems in the study of the cross-flow ultrafiltration process is to describe the 
mass transfer coefficient properly. The numerous relations for the mass trans- 
fer coefficient are all (semi-)empirical, and in some cases show large devia- 
tions when checked with experimental data. To overcome this problem the 
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study of concentration polarization can be simplified to the case of unstirred 
dead-end ultrafiltration. Nakao et al. [ 1 ] used the boundary layer resistance 
model adapted to a cake filtration type of description to analyse the experi- 
mental flux behaviour during the ultrafiltration of dextrans and polyethylene 
glycols. This model gave some promising results, but it could not describe some 
of the experimentally obtained flux data. Furthermore, the model was unable 
to predict the experimental flux behaviour without the need for several other 
experiments to obtain the necessary parameters. 
The objectives of this investigation are to develop a more accurate and pre- 
dictive description of the flux behaviour in ultrafiltration. This has been 
achieved by adapting the boundary layer resistance model and using dynamic 
equations for describing the phenomena near the membrane interface. The 
validity of the model has also been extended to the filtration of protein solu- 
tions (BSA). The simulated flux data have been compared both with the ex- 
perimental ultrafiltration results and with the results obtained with the model 
of Nakao et al. With the improved model, more information can be obtained 
about the ultrafiltration process, while less parameters are necessary to de- 
scribe the flux behaviour than with the original model [ 11. 
The newly developed boundary layer resistance model has been successfully 
applied (and experimentally verified) to various applied pressures in the ultra- 
filtration process, to several concentrations and to different types of 
membranes. 
Theory 
This section on the theory of dead-end ultrafiltration consists of three parts: 
(1) the general principles of the boundary layer resistance model, (2) the ad- 
aptation of these principles to a cake filtration type of description, and (3) the 
adaptation to a dynamic model, which is the new approach. 
1. The general principles of the boundary layer resistance model 
According to the boundary layer resistance model the permeate flux J, can 
be described by: 
Jv=A~l[rlo~(Rr,+&~)l (1) 
where R, and Rbl are the hydraulic resistances of the membrane and the con- 
centrated boundary layer, respectively, AP is the applied pressure and ylo is the 
dynamic viscosity of the solvent. The resistance RI,, is a cumulative effect of 
the diminished permeability of the concentrated layer near the membrane, and 
can be described by 
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where rbI (x) is the specific resistance of a thin concentrated layer dx and p (x) 
is the permeability of that layer. The basic principle of the boundary layer 
resistance theory is the correspondence of the permeability of a concentrated 
layer for the solvent near a membrane interface and the permeability of a sol- 
ute in a stagnant solution, as occurring during a sedimentation experiment. 
This latter relationship can be described by [lo] 
p= ~rlo’~~~~ll~~~~~-~,l~,~l (3) 
where p is the permeability, s(C) is the sedimentation coefficient at concen- 
tration C and u,, and u1 are the partial specific volumes of the solvent and the 
solute, respectively. 
2. The boundary layer resistance model adapted to the cake filtration type of 
description [l] 
Following the cake filtration description, the concentration profile near the 
membrane is represented as given in Fig. 1. The thickness of the boundary 
layer 6, having a constant concentration Cb,, can be obtained from the mass 
balance 
Cb -Robs ’ VP =&A-C,, (4) 
in which Cb is the bulk concentration, Robs is the observed retention, VP is the 
accumulative permeate volume and A is the membrane area. Now the resis- 
tance of the boundary layer can be calculated by 
&,I = 6’ rb] (5) 
in which the specific resistance r,,] is constant over the boundary layer 6. Com- 
bining eqns. (1 ), (4) and (5) results in 
l/Jv=l/Jw+ (rlo'Cb'Robs/AP).(rb,/Cbl).(Vp/A) (6) 
in which ( rbl/Cbl) is a quantity called the flux decline index and ( VP/A ) is the 
+-. membrane 
- 
a 
Fig. 1. The concentration profile according to the cake-filtration model. 
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specific cumulative permeate volume. In order to analyse experimental results, 
where usually l/J, is plotted as a function of ( VP/A ), eqn. (6) is transformed 
into 
d(llJ,)Id(V,IA)=(r,.C,.R,,,,I~).(r,,lC,,) (7) 
With the known values of Ci,, qO, Robs and AP, the flux decline index rJCbl can 
be determined from one set of experiments. From this value the boundary layer 
concentration Cbl can be calculated by making use of the relation for the sedi- 
mentation coefficient (eqn. 8). 
(8) 
provided that the dependence of s on the concentration is known. In the dis- 
cussion section, results obtained in this way will be compared with the simu- 
lated ultrafiltration flux data. 
3. The new approach to the boundary layer resistance model 
Contrary to the former model, the concentration profile near the membrane 
interface will be calculated without making any assumptions concerning the 
concentration at the membrane or the shape of the concentration profile. In 
this situation the general mass balance equation for the solute reads 
ac~at=-~,~ac~a~+D~a~c~a~* (9) 
where - J;dC/dx represents the convective solute transport towards the 
membrane (dC/dx: is negative, x is the distance into the boundary layer) and 
D-d2C/dr2 represents the back-diffusion as a result of the concentration gra- 
dient. The boundary and initial conditions are: 
t=o:c=c, (10) 
x=d:C=Cb (11) 
x=o:J,.c,=D.(ac/ax),=,+(i-~~~~).~~~c,, (12) 
where 6 is the thickness of the concentration polarization layer. Using the 
equations mentioned above, the shape of the concentration profile can be ex- 
pected to be as shown in Fig. 2. 
If the diffusion coefficient and the concentration of the bulk were constant, 
this set of equations could be solved analytically [ 111. However, in the realistic 
situation many variables are a function of concentration, hence the differential 
equation can be solved numerically only. 
The concentration dependence of the viscosity was not used for correction 
of the increased visocity near the membrane interface. This is not necessary 
because the appropriate sedimentation coefficients (i.e. at the actual boundary 
layer concentrations) are used to calculate the resistance of the concentrated 
layer. 
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Fig. 2. The concentration profile during dead-end ultrafiltration according to the new approach. 
The equations used to solve the problem numerically are eqns. ( 1) , (2 ) , (3 ) 
and (9), where the dependence of the diffusion coefficient and the sedimen- 
tation coefficient on the concentration has to be included. Without any as- 
sumptions concerning the concentration at the membrane or the specific 
resistance of the concentrated layer, all ultrafiltration characteristics can be 
calculated, including the concentration profile near the membrane. The only 
experimental data needed for simulating an ultrafiltration experiment are the 
retention and the hydraulic resistance of the membrane. 
The comparison between the results of this model and that of Nakao will be 
made for the major part by comparing the d ( l/J,) jd ( VP/A ) values, which can 
be calculated easily from the computed flux data. 
Experimental 
Materials 
All experiments were performed using bovine serum albumin (BSA) Cohn 
fraction V from Sigma Chemical Company, lot no. 45F-0064 as a solute. The 
solutions of BSA were prepared in a phosphate buffer at pH 7.4 2 0.05 with 0.1 
M NaCl added, to give a solution with ionic strength I= 0.125 N. The concen- 
trations of the BSA solutions were determined, after producing a calibration 
curve, by using a Hitachi-Perkin Elmer double beam spectrophotometer model 
124, operating at 280 nm. Normally the extinction coefficient EzaO was 0.66. 
The water used was demineralized by ion exchange, ultrafiltered and finally 
hyperfiltered. The membranes used in the dead-end ultrafiltration experi- 
ments were Amicon Diaflo membranes. In most experiments YM-30 mem- 
branes (regenerated cellulose acetate, cut-off 30,000 daltons) were used and 
also experiments were performed using PM-30 membranes (polysulfone, cut- 
off 30.000 daltons). 
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Equipment 
The unstirred dead-end ultrafiltration experiments were performed in an 
Amicon cell, type 4OlS, which was adapted to make thermostatting at 20°C 
possible. The total membrane surface was 38.48 cm’. To avoid fouling in the 
blank experiment by, for example, colloids present in the system, the water 
was filtered in-line through a 0.22 pm PVDF Millipore microfiltration mem- 
brane. The amount of permeate was determined gravimetrically, while the 
amount of permeate collected in time was registered by a recorder. Figure 3 
gives a general outline of the equipment. 
The simulations of ultrafiltration experiments were performed by using either 
a DEC-2060 or a VAX-8650 computer, in both cases with the help of several 
library routines to solve the differential equations. The main routine used is 
the D03PBF-NAG FORTRAN library routine document, which integrates a 
system of linear or nonlinear parabolic partial differential equations in one 
space variable [ 12 1. 
The sedimentation and diffusion experiments were performed in a Beckman 
analytical ultracentrifuge, model E, equipped with Schlieren optics and a tem- 
perature control system. Centrepieces of 1.53 and 12 mm were used, the tem- 
perature was 20’ C and the rotation speed was 40,000 rpm during the 
sedimentation experiments and 3400 rpm during the diffusion experiments. 
The concentration range measured was from 2.5 to 450 kg/m” for the sedimen- 
tation experiments and 6 to 215 kg/m” for the diffusion experiments. 
Methods 
To obtain the experimental flux data, the following procedure was employed: 
(a) determine the water flux; (b) replace the water by the BSA solution at 
20’ C; (c ) register the cumulative permeate weight as a function of time; (d) 
remove the BSA solution and rinse the ultrafiltration cell thoroughly; (e) de- 
termine the water flux again. To calculate the permeate volume, the density of 
the permeate was taken as 1000 kg/m”. In order to determine the protein re- 
5 6 7 8 
Fig. 3. The dead-end ultrafiltration equipment. (1) Technical air; 
ter; (4) Ultrafiltration cell; (5) Thermostat bath; (6) Balance; (7 
(2) Pressure vessel; (3) Prefil- 
) D/A converter; (8) Recorder. 
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tention, the protein concentration of the feed, the retentate and the permeate 
solutions was measured spectrophotometrically. 
Results and discussion 
In the calculations that follow and in the simulation computer program, 
some properties of BSA solutions will be used: the partial specific volume, the 
sedimentation coefficient and the diffusion coefficient. The values used for the 
partial specific volume are u1 = l/ (1.34~10~) =0.75.10W3 m”/kg [5] and 
ug= 1.0.10-” m”/kg. The values for the concentration dependent sedimenta- 
tion coefficient were determined experimentally (Results, Section A). Some 
measurements were also performed to determine the diffusion coefficient of 
BSA at high concentrations (Results, Section B). 
A. The sedimentation coefficient 
The sedimentation coefficients of BSA had to be measured because of the 
very limited amount of literature data on these coefficients. These coefficients 
were largely determined at very low concentrations or a different pH, whereas 
for our model knowledge of the sedimentation coefficients over a large concen- 
tration range is needed. The coefficients as determined at pH 7.4 and 1=0.125 
N, at 20” C, are given in Fig. 4. The dependence on the concentration can best 
be described by 
l/s= (1/4.412~1O-‘3)~(1+7.O51~1O-3C+3.OO2~1O-5C2+1.173~1O-7C3) 
(14) 
The line in Fig. 4 is drawn according to eqn. 14. A comparison of literature 
1 10 100 1000 
C (ks/m3) 
Fig. 4. The (apparent, reciprocal) sedimentation coefficient of BSA as a function of concentration 
(pH=7.4,1=0.125 N and T=20”C). 
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data with our consistent measurements is difficult: Kitchen et al. [ 131 found 
a qualitatively similar dependence on the concentration up to 80 kg/m3 start- 
ing at ( sgO,w)o = 4.1. lo-l3 set; for unbuffered BSA solutions, according to An- 
derson et al. [l4] the value of the pH will be around 6.5 at that point. The 
value found by Cohn et al. [ 151 is s (1% ) = 4.0. lo-l3 set, measured at pH 7.7. 
Our value of 4.12.10-13 set for ~(10 kg/m3) at pH 7.4 is in good agreement 
with this literature value. 
B. The diffusion coefficient 
The data on the diffusion coefficient of BSA at pH 7.4 at high concentrations 
are limited: in the literature on modelling concentration polarization during 
ultrafiltration, constant values are used for high concentrations. Trettin and 
Doshi [9] use L)=6.91*10-1’ m’/sec, a value which was originally determined 
at a low concentration. Shen and Probstein [ 161 use D = 6.7. lo- l1 m’/sec, a 
value which was derived from ultrafiltration experiments and represents the 
diffusion coefficient at the “gel concentration” of 580 kg/m”. We determined 
the value of the diffusion coefficient up to 210 kg/m”. In Fig. 5 our data are 
compared to those obtained by several other authors: 
1. Phillies et al. [ 171: these data were determined at pH 7.2 to 7.5; 
2. Anderson et al. [ 141: data at pH 6.5; their equation D=5.9- 
10-l’ - ( 1 + 6. 10e4- C) was extrapolated to higher concentrations; 
3. Fair et al. [ 181 obtained data at pH 7.4; 
4. Van Damme et al. [ 191 obtained data at pH 7.2 up to 327 kg/m”; and 
finally 
5. Kitchen et al. [ 131 used unbuffered BSA solutions up to 240 kg/m”. 
All solutions mentioned had an ionic strength of at least 0.1 N. This extensive 
review of data on diffusion coefficients of BSA at pH values around 7.4 and at 
q this work 
l Fair 
+ Phillies 
q Van Damme 
H Kitchen 
4 Anderson 
1 10 100 1000 
C (kg.m-3) 
Fig. 5. The diffusion coefficient of BSA as a function of concentration, data from several authors, 
-:D=6.9.10~‘1m’/sec. 
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moderate to high concentrations shows that the diffusion coefficient does not 
significantly depend on the concentration of the solution. In our calculations 
we used D=6.9* lo-” m2/sec over the entire range of concentrations. In the 
last part of Section D, the sensitivity of the model to the value of the diffusion 
coefficient will be discussed. 
C. The flux behaviour during dead-end ultrafiltration: analysis using the “cake 
filtration” model 
The results of some typical dead-end ultrafiltration experiments are given 
in Figs. 6 and 7, obtained by plotting the reciprocal flux (l/J,) as a function 
of the specific cumulative permeate volume ( VP/A ) . In Fig. 6 the dependence 
on the concentration is shown at constant pressure, while in Fig. 7 the concen- 
tration is constant and the pressure varies. A linear relation exists in all cases, 
where the l/J, value at VP/A = 0 represents the reciprocal clean water flux. 
This clean water flux varied only slightly before and after the experiment, i.e. 
O-5% decline for the YM-30 membrane; for the PM-30 membrane only those 
experiments were used where the flux decline was less than 10%. This very 
small effect of adsorption or pore blocking on a YM-30 membrane was also 
observed by Reihanian et al. [ 201. 
The linear relationship between the reciprocal flux and the cumulative per- 
meate volume is a well known phenomenon in unstirred dead-end ultrafiltra- 
tion; however, it is better known as the VP - t0.5 relationship. This relationship 
can be derived easily from the boundary layer theory: eqn. (6) simplifies to 
eqn. (15) when the resistance of the membrane is neglected compared to the 
resistance of the concentrated layer: 
VP/A *IO3 (m) 
Fig. 6. The reciprocal flux as a function of the specific cumulative permeate volume at different 
concentrations (ultrafiltration of BSA at AP= l.O*lO” Pa, YM-30 membrane). 
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-0 2 4 6 6 10 12 
VP/A *lo3 (m) 
Fig. 7. The reciprocal flux as a function of the specific cumulative permeate volume at different 
applied pressures (ultrafiltration of BSA with CL,= 1.5 kg/m”, YM-30 membrane). 
1/J,=dtld(V,IA)=(vlo.Cb.RobslAP).(rb,/Cb,).(Vp/A) (15) 
from which the time-permeate volume relationship can be derived by 
int.egration: 
t= (vlo.Cb.R,,b,/2.~).(rbl/Cbl).(Vp/A)* (16) 
This V,, - to.” dependence is also found by Vilker et al. [ 51, Trettin and Doshi 
[ 91, Reihanian et al. [ 201 and Chudacek and Fane [ 211, each using a different 
theory. 
A strong dependence of the reciprocal flux on both the concentration and 
the applied pressure is obvious from the slopes of the various lines. The flux 
decline indices rb,/Cbl are calculated from these slopes according to eqn. (7). 
In Fig. 8, r,,,/Cbl is plotted as a function of the bulk concentration for both the 
YM-30 membrane and the PM-30 membrane. The results show that the flux 
decline index tends to reach a constant value for higher concentrations, at each 
applied pressure, after a slight increase at concentrations below 2 kg/m”. 
From the figure it may be concluded that the build-up of a concentrated 
“cake” layer near the membrane surface as obtained by analysis of the exper- 
imental data yields the same result for different membranes. However, these 
results are a little different from those of Nakao [ 11, who found only a linear 
dependence on the concentration. Nakao performed experiments with dex- 
trans and polyethylene glycols only at low concentrations (less than 0.6 kg/ 
m”‘). The influence of the retention, which was 95% or more in our case, is 
included in the calculations, as represented by eqn. (7). Taking the plateau 
value of r,,,/Cbl at each pressure, the influence of the applied pressure on these 
values is given in Fig. 9. 
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cb (Wm3) 
. Ap=OS io5pa,YM 
0 AP=l.O lo5pa,YM 
n AL2.0 ro5pa,YM 
q Ak4.0 ro5pa,YM 
+ Ak1.0 lo5pa,PM 
A Ab4.0 lo5pa,PM 
Fig. 8. The flux decline index I-JC,,, as a function of concentration at several applied pressures 
(YM-30 and PM-30 membranes used). 
0 1 2 3 4 5 
AP * IO-~(~) 
Fig. 9. The plateau values of the flux decline index rb,/Cbl as a function of the applied pressure. 
From the rbbl/Cbl values the “cake” concentrations in the boundary layer Cbl 
can be calculated via the s(C,,) values by using eqn. (8) and eqn. (14). The 
resulting boundary layer concentrations are given in Fig. 10 as a function of 
the initial concentration of the bulk and the applied pressure. 
As for the flux decline index, a plateau value for the boundary layer “cake” 
concentration also appears here, although the influence of the concentration 
of the bulk is not as clear as it was for the rbbl/Cbl values. The calculated Cbl 
concentrations, which vary from 180 to 440 kg/m3, are all smaller than the gel 
concentration of 585 kg/m3 which was obtained for BSA at pH 7.4 (in fact a 
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Fig. 10. The calculated boundary layer concentration C,,, as a function of the initial bulk concen- 
tration and the applied pressure. 
0 1 2 3 4 5 
AP * 10m5( Pa) 
Fig. 11. The specific resistance r,,, as a function of the applied pressure. 
solubility limit was determined) [ 221. According to this gel concentration and 
the model used no gelation will occur at this stage in the boundary layer. 
Knowing the rbl/Cbl values and the C,,, values at the various applied pres- 
sures, the values of the specific resistance rbl can be calculated easily, and the 
results are given in Fig. 11. From these experimental data it is clear that the 
specific resistance is linearly dependent on the applied pressure as given in 
eqn. (17). The dependence of the boundary layer concentration on the applied 
pressure is given in eqn. (18)) from which the dependence of the flux decline 
index on the applied pressure can be calculated eqn. (19). 
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rb,=9.9~1017(10-5AP)=9.9~1012AP (17) 
C,,=260(10-5.AP)‘=5.60(AP)’ (18) 
rbl/Cbl=3.8~1015(10-5~AP)~=1.76~1012(AP)~ (19) 
The dependence of r,,, and 6 (via Cb,) on hp results in boundary layer resis- 
tance values (Rbl) which are proportional to AP 5. This result indicates directly 
that the flux Jv=AP/[ylo* (R,+R,,)] is not linearly dependent on AP, as is 
commonly known. In fact the flux is proportional to AP’ at equal cumulative 
permeate volumes V, for the case where the membrane resistance can be 
neglected. 
Other concentration polarization models concerning dead-end ultrafiltra- 
tion have also led to values for the specific resistance of the layer near the 
membrane, sometimes as a function of the applied pressure. Unfortunately a 
different meaning is sometimes given to the term specific resistance; however, 
by analysing the dimensions of the quantities given a comparison can be made: 
Reihanian et al. [ 201 determined gel layer permeabilities, using Cbi = C,= 590 
kg/m” (BSA at pH 7.4), resulting in rb,=6.7 - 33.1017 m-‘. 
Chudacek and Fane [al], using BSA at pH 7.4 and C, values of 30-40%, 
found values of rbi/Cb, depending strongly on the applied pressure and also 
slightly on the concentration. The values for 2 kg/m3 can be represented by 
rbl/Cbi z 4.0~ 1015 ( 10-5AP)o.55, which is in fair agreement with eqn. (19). 
Finally, Dejmek [ 231, after many experiments at various pH values, found 
a relation which was independent of the pH value and which described the 
dependence of his “specific resistance” of the gel layer (with dimension set-‘) 
on the pressure by (AP)“.72. Recalculation of his data showed that he calcu- 
lated a quantity equivalent to our rbl/Cbl values, apart from a constant factor, 
which result is also in rather good agreement with eqn. (19). 
D. The new approach of the boundary layer resistance dead-end ultrafiltration 
model 
Before comparing the results of the analysis of experimental data according 
to Nakao’s dead-end ultrafiltration model and the results of the computer sim- 
ulations, it will be shown that the computer simulations indeed agree with the 
experimental data. In Fig. 12 the data of two different experiments are com- 
pared with the data as calculated by the computer. For one experiment the 
initial concentration is 2.032 kg/m3 and AP= 1.0. lo5 Pa, while for the other 
experiment the initial concentration is 1.423 kg/m3 and AP= 4.0. lo5 Pa. From 
both comparisons it may be concluded that the simulations approximate the 
experimental results very well. Despite the different initial concentrations, dif- 
ferent retentions and resistances of the membrane and, especially, the differ- 
ent applied pressures, the difference between the experimental and the 
simulation data is smaller than 5%. This same result was obtained for a large 
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0 2 4 6 8 10 12 
VP/A *103(m) 
Fig. 12. Comparison between reciprocal flux data obtained from ultrafiltration experiments and 
the computer simulation of these experiments. Simulation: -; experiments: +: AP= 1.0. lo” Pa, 
R,=2.78-10” mm’, R,,,,,=0.977, C,,=O.994 kg/m” 0: AP=4.0*10” Pa, R,,,=4.55.10’” m-‘, 
R,,,,,= 1.0, C,,= 1.423 kg/m”. 
number of experiments. It is characteristic of the simulations that the slope of 
the “straight” line approaches the experimental slopes very well, whereas at 
the first part of the simulated line a small non-linear section exists. Depending 
on the resistance of the membrane and the applied pressure, the reciprocal flux 
is initially less than linear with the specific cumulative permeate volume. This 
can be observed especially when large membrane resistances and/or small ap- 
plied pressures are used, and it indicates that the simulation of the first few 
seconds underpredicts the resistance build-up. Probably this is a result of the 
initial pore obstruction, and the resulting increase in the effective R, value, 
during an experiment. 
Some results derived from the simulations 
During the simulations of the experiments it is possible to show the concen- 
tration profile near the membrane at every desired moment. For a number of 
time intervals this has been done to obtain an impression of the development 
of the profile with time (Fig. 13 ) . A number of characteristic phenomena (valid 
for all simulations) can be observed, as follows. 
(a) Even after a very short time interval, high concentrations are reached at 
the membrane interface: C m z 260 kg/m” after 10 set in Fig. 13, while the initial 
concentration was 4.0 kg/m”. The thickness of the layer 6 built up after 10 set 
is very small: 6% 20 pm. 
(b) The concentration at the membrane interface continues to increase: 350 
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Fig. 13. Simulated concentration profiles near the membrane interface as a function of time and 
distance from the membrane (M= 1.0-10” Pa, R,=3.76-10’” m-‘, R<,,_= 1.0, &=4.00 kg/m”). 
kg/m” after 50 set up to 385 kg/m3 after 500 set, and the thickness S increases 
clearly (6~ 120 pm after 500 set ) . 
(c) At longer times the concentration at the membrane interface reaches a 
plateau value, which is different for each applied pressure, and which is ap- 
proximately 405 kg/m” for AP= 1.0. lo5 Pa. In Fig. 14 the increase of the con- 
centration at the membrane interface is plotted as a function of time. 
(d) Having reached the stationary-state concentration at the membrane in- 
terface, the concentration profile only expands away from the membrane. This 
expansion will proceed more and more slowly in time because of the decreased 
supply of the solute through diminished flux values. 
The stationary state concentration at the membrane interface mentioned 
under point (c) appears to be highly dependent on the applied pressure (Fig. 
15 ) . From this figure it is clear that the concentration at the membrane inter- 
face first increases strongly with increasing pressure, but later the dependence 
on the pressure decreases. The calculated concentrations increase up to values 
larger than the generally known gel concentration of 585 kg/m3 for BSA at pH 
7.4. This gel concentration value is reached at AI’= 3.0~10~ Pa. However, de- 
spite these extremely high concentrations, the calculated flux behaviour ac- 
cords well with the exneriments. 
100 
Fig. 14. The concentration at the membrane interface as a function of time. (Data obtained by 
simulation: AP= l.O*lO” Pa, R,,,=3.76-10’” m -‘, R,,,,,= 1.0, C,,=4.00 kg/m’). 
Fig. 15. The stationary state concentration at the membrane interface as a function of the applied 
pressure. (Data obtained by simulation: R,=4.0-10’” m-‘, R,,,,,= 1.0, C,,= 1.0 kg/m,‘). 
Comparison of the results obtained from computer simulations and from the 
analysis of the experimental data by Nakao’s model 
The comparison between the two versions of the boundary layer resistance 
model for dead-end ultrafiltration of BSA at pH 7.4 is possible by comparing 
the slope cy, which is proportional to the flux decline, and which is defined by 
~=d(llJ,)/d( V,,IA) (20) 
According to Nakao et al. this slope is given by eqn. (7) 
a= (%‘G,.&,IAJ’)- (rbl/G,l) 
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In the case of the simulations, the slope of the straight part of the line is cal- 
culated from the data between VP/A values of 5. lo-” and lo-’ m (compare 
Fig. 12). 
The influence of the initial bulk concentration 
Both for the experimental and the computer-simulated data, an initial in- 
crease in the a*AP/Cs value [ = (rbl/Cbl)-Robs-q01 can be observed with in- 
creasing bulk concentration, starting from cr-API&=0 at Cb= 0 for the 
simulated data (Fig. 16). This starting value seems very reasonably, as in the 
absence of solute no extra resistance or concentrated layer can be formed. When 
the bulk concentration is still very low, the equilibrium concentration at the 
membrane interface also reaches rather small values, resulting in relatively 
small a(* AP/C, or rbl/Cbl values. After the initial increase, the asAP/&, values 
reach a plateau. Unlike these simulated results and those of experimentals, it 
follows from Nakao’s model (eqn. 7) that ~1 is proportional to C’s, which was 
valid only for higher concentrations. As shown above, the new model can pre- 
dict this phenomenon correctly. 
The influence of the observed retention 
According to Nakao’s model, c~ is proportional to the observed retention. 
This could not be confirmed or disproved by experimental data because the 
retention values were larger than 95% and thus had too little influence. From 
the simulations it followed that the slope & is indeed proportional to the reten- 
tion (Fig. 17). 
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Fig. 16. The influence of the initial bulk concentration on the calculated value of cr*AP/Cb. (Data 
obtained by simulation: AP= (0.5,1,2 or 4)-l@ Pa, R,=4.0-10” m-l, Rc,bs=l.O). 
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Fig. 18. The influence of the applied pressure on the a-C,,, value. (Data obtained by simulation: 
R 111 =4.0*10” m-’ , I?,,,,,= 1.0, C,,= 1.00 kg/m”). 
The influence of the applied pressure 
It is difficult to describe directly the influence of the applied pressure in the 
new version of the model, owing to the absence of such terms as Ci,, and rbi. 
However, it followed from the analysis of the experimental data by Nakao’s 
model that rbi= h*AP (Fig. ll), from which it can be deduced that a*C,, is a 
constant for one set of Robs and Cb values, since cy. Cbi = ( ylo- Cb-Robs/ 
AP) * (h.AP), which is proportional to k. So cx is proportional to l/&i. 
The data from the simulations of experiments at various pressures showed 
that cy is also proportional to l/C, (a-C, is a constant in Fig. 18, C, being the 
concentration at the membrane interface in a stationary-state situation). Fur- 
thermore, it may be concluded that C, is only dependent on the pressure, which 
follows from all simulations with different parameters. 
As mentioned before, the dependence of Chl on AP, according to Nakao’s 
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model, can be described as C ,,i z 260 ( 10e5AP) +. According to the computer 
simulations, this dependence is C m = 405 ( 10P5AP) *. Apart from the constant 
factor, an identical dependence on the pressure emerges. The reason for this 
difference is simply the shape of the profile which is assumed for the case of 
the cake filtration type of description: the constant concentration in the 
boundary layer is an average of a relatively thin layer with a higher concentra- 
tion (and a higher C, value) and a layer with a lower concentration. 
The influence of the hydraulic resistance of the membrane 
In contrast to real experiments, it is very simple to vary the hydraulic resis- 
tance of the membrane in a computer simulation while keeping the other pa- 
rameters constant. Figure 19 shows the results of simulating two different 
ultrafiltration experiments, each using three different R, values. The influ- 
ence of the R, values seems of minor importance. In particular the influence 
of the membrane is minimized when the resistance of the boundary layer in- 
creases as a result of more solute supply from the bulk, by increasing the pres- 
sure or the concentration. 
The sensitivity of the model to the value of the diffusion coefficient 
It was shown in Section B that the diffusion coefficient of BSA is almost 
constant over a large range of concentrations. At very high concentrations 
(100 kg/m” and above) there appeared to be several experimental data which 
were not exactly constant but were in the range from (5 to 9) - 10 -11 m’/sec. 
Up to this point all the computer calculations were done using one constant 
. 
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Fig. 19. The influence of the resistance of a membrane on the flux behaviour in two different 
situations. (Data points obtained by simulation: C,, = 1 kg/m” and Ch= 2 kg/m”, Al’= 1.0. lo” Pa, 
R,,,, = 1.0 1 .
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value of the diffusion coefficient. In this part of the discussion, the influence 
of using a certain value will be demonstrated. By using values of the diffusion 
coefficient of 6.10 -12 to 2.10 -lo m2/sec, the flux decline index and the con- 
centration at the membrane interface were calculated, as well as the concen- 
tration profile near the membrane after filtration for 1000 sec. The other 
physico-chemical properties were kept constant during the simulations. 
As can be felt intuitively, the concentration at the membrane will increase 
with decreasing values of the diffusion coefficient because of the decreased 
back-diffusion away from the concentrated phase. The concentrations in- 
crease when the diffusion coefficient is very small, up to values as high as 800 
kg/m” or even more (Fig. 20)) while the value of the concentration at the mem- 
brane interface is very dependent on the diffusion coefficient. On the other 
hand, when the diffusion coefficient is 5.10 -I1 m’/sec or more, the concentra- 
tion at the membrane interface appears to be much less dependent on the dif- 
fusion coefficient. The increased concentrations at the membrane interface at 
smaller diffusion coefficients also result in increased resistances of the concen- 
trated layer (eqns. 8 and 14). And as can be expected from these equations the 
effect of the changing value of the diffusion coefficient is even more pro- 
nounced than in the case of the concentration at the membrane int.erface (Fig. 
21). The relatively small effect of the change in diffusion coefficient in the 
region from 5*10-” m’/sec upwards shows that the exact value of the diffu- 
sion coefficient, within reasonabale limits, is of minor importance. Finally, the 
effect of the changing diffusion coefficient is also represented in the concen- 
tration profile after a certain filtration period. Figure 22 shows the concentra- 
tion profiles after 1000 set in the case of six different diffusion coefficients. 
The increasing concentration with decreasing diffusion coefficient can be seen 
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Fig. 20. The concentration at the membrane interface as a function of the diffusion coefficient, 
data obtained by simulation (conditions as in Fig. 13). 
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Fig. 22. The concentration profiles after 1000 seconds filtration using different values of the dif- 
fusion coefficient, data points obtained by simulation (conditions as in Fig. 13). 
again as well as a very steep concentration gradient at small diffusion coeffi- 
cients and a weak concentration gradient at larger diffusion coefficients. Al- 
though the amount of solute (equal to the surface under the graph and linearly 
related to the calculated cumulative permeate volume) increases with increas- 
ing diffusion coefficient, the flux decline index and the total resistance de- 
crease. This is due to the concentration dependence of the sedimentation 
coefficient, needed in eqns. (8) and (14) 
Conclusions 
The use of the boundary layer resistance model principles in combination 
with a dynamic model, which describes the formation of a concentrated layer 
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near the membrane interface, can predict the experimental flux behaviour very 
well. Analysis of the experimental dead-end ultrafiltration data for BSA at 
various conditions with Nakao’s boundary layer resistance/cake filtration 
model yields relations concerning the dependence on the applied pressure that 
agree with literature values. In comparing our experimental data with those of 
Nakao et al., some deviations were found, probably because of the extended 
range of concentrations used in this study. The simulation of ultrafiltration 
experiments yielded a similar dependence on the applied pressure and the con- 
centration as found by analysis with Nakao’s model, but the calculated con- 
centrations at the membrane reach extremely high values. Even so the predicted 
flux behaviour agrees with the experiments. These calculations also resulted 
in some interesting conclusions concerning the build-up of the concentrated 
layer near the membrane interface. Extended simulations showed a linear de- 
pendence of the flux decline index on the retention and only a limited influence 
of the hydraulic resistance of the membrane itself. 
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Symbols 
A 
Cb 
Cbl 
c, 
Gl 
CP 
D 
JV 
JW 
P 
rbl 
R ohs 
&, 
R, 
membrane area 2 
concentration of the bulk Irgjrn’) 
(constant) concentration in the boundary layer (kg/m3) 
gel concentration (kg/m” 1 
concentration at the membrane interface (kg/m” 1 
concentration of the permeate ( kg/mt3 ) 
diffusion coefficient (m”/sec) 
flux ( m3/m2sec) 
clean water flux ( m”/m2sec ) 
permeability of the boundary layer (m2) 
specific resistance of the boundary layer (mP2) 
observed retention coefficient dimensionless 
total hydraulic resistance of the boundary layer (m-l ) 
hydraulic resistance of the membrane (m-l) 
sedimentation coefficient (set) 
temperature (“G) 
partial specific volume of the solvent (m”/kg) 
partial specific volume of the solute (mz3/kg) 
(cumulative ) permeate volume (m”) 
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X coordinate perpendicular to the membrane (m) 
s” 
slope d ( l/J, 1 /d ( VP/A 1 (sec/m2) 
thickness of the boundary layer 
AP applied pressure (‘2) 
VO viscosity of the solvent (Pa set) 
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